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E-mail address: milani@stru.polimi.itA homogenization model for periodic masonry structures reinforced with continuous FRP grids is pre-
sented. Starting from the observation that a continuous grid preserves the periodicity of the internal
masonry layer, rigid-plastic homogenization is applied directly on a multi-layer heterogeneous represen-
tative element of volume (REV) constituted by bricks, ﬁnite thickness mortar joints and external FRP
grids. In particular, reinforced masonry homogenized failure surfaces are obtained by means of a compat-
ible identiﬁcation procedure, where each brick is supposed interacting with its six neighbors by means of
ﬁnite thickness mortar joints and the FRP grid is applied on the external surfaces of the REV. In the frame-
work of the kinematic theorem of limit analysis, a simple constrained minimization problem is obtained
on the unit cell, suitable to estimate – with a very limited computational effort – reinforced masonry
homogenized failure surfaces.
A FE strategy is adopted at a cell level, modeling joints and bricks with six-noded wedge shaped ele-
ments and the FRP grid through rigid inﬁnitely resistant truss elements connected node by node with
bricks and mortar. A possible jump of velocities is assumed at the interfaces between contiguous wedge
and truss elements, where plastic dissipation occurs. For mortar and bricks interfaces, a frictional behav-
ior with possible limited tensile and compressive strength is assumed, whereas for FRP bars some formu-
las available in the literature are adopted to reproduce the delamination of the truss from the support.
Two meaningful structural examples are considered to show the capabilities of the procedure pro-
posed, namely a reinforced masonry deep beam (0/90 continuous reinforcement) and a masonry beam
in simple ﬂexion for which experimental data are available. Good agreement is found between present
model and alternative numerical approaches.
 2010 Elsevier Ltd. All rights reserved.1. Introduction solution (Corradi et al., 2002; Eshani, 1997; Korany and Drysdale,The recent earthquake occurred in Abruzzo (Italy 2009) indi-
cated once again that the historical buildings, largely constituted
by masonry structures, are scarcely resistant to horizontal loads
and highly vulnerable to seismic actions. Such inadequate behavior
of brickwork under earthquakes is a common issue of many ma-
sonry buildings and is due to several concurring factors, among
the others the most important being the low strength of mortar
joints, which represent preferential planes of weakness where
cracks propagate.
Conventional retroﬁtting techniques, such as external reinforce-
ment with steel plates, surface concrete coating and welded mesh,
have proven to be impractical, time expensive and add mass to the
structure (which may increase earthquake-induced inertia forces).
In this context, the utilization of G-CFRP grids as reinforcement
(see Fig. 1) instead of conventionalmethods seems themost suitablell rights reserved.2007; Triantaﬁllou, 1998; Papanicolaou et al., 2007, 2008), for their
limited invasiveness and good performance at failure.
Several research efforts have been focusing on the utilization of
glass instead of carbon in the realization of the composite ﬁbers,
due to the remarkable differences in the production cost. As well
known, GFRP mechanical performance is substantially lower to
CFRP, requiring to use much more strips (thus enlarging the rein-
forced area) if glass is used instead of carbon (CNR, 2004; Focacci,
2008). Due to both the constant reductions of the installation costs
of FRP and the requirement to reinforce more heavily, the utiliza-
tion of continuous FRP grids is becoming popular and, in some
cases, such new technology is preferred to the more traditional uti-
lization of strips and cables.
Unfortunately, while the practical usage of such technology is
spreading, no numerical models are available in the literature to
predict the mechanical behavior of such kind of reinforcement near
the collapse and a few information is available for design purposes
on codes of practice (CNR, 2004; JSCE, 2001).
From a theoretical point of view, the complexity of the problem,
which involves fragile phenomena in both masonry and the bond
Fig. 1. Typical reinforcement with a continuous FRP regular grid.
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range a very difﬁcult task (Luciano and Sacco, 1998; Grande
et al., 2008; Cecchi et al., 2004). As a matter of fact, non-linear com-
plex damaging models (e.g. Marﬁa and Sacco, 2001) should be used
for the analysis of FRP reinforced masonry. The FRP delamination
from the support is, indeed, typically brittle, as well as the tensile
and shear cracking of mortar joints. On the other hand, limit anal-
ysis is a valuable alternative to expensive non-linear FE simula-
tions. It has been widely used in the past for the analysis at
failure of masonry structures (e.g. Heyman, 1977; Sinha, 1978;
Ferris and Tin-Loi, 2001; Orduña and Lourenço, 2005; Milani
et al., 2006, 2009a,b) is able to give reliable results if compared
with both experimental data and alternative numerical procedures
and requires only a reduced number of material parameters, pro-
viding limit multipliers of loads, failure mechanisms and, at least
on critical sections, the stress distribution at collapse. An obvious
limitation of limit analysis relies in the assumption of a rigid-plas-
tic model with inﬁnite ductility for both mortared masonry and
FRP strips. For this reason, in principle, there is the possibility that
a limit analysis approach over-estimates masonry ultimate
strength in some cases (and this is one of the reasons why many
authors assume a non-tensile resistant approach). This hypothesis
should be checked case by case, for instance by means of compar-
isons with standard non-linear FE procedures and, where possible,
with experimental data available.
Despite the aforementioned limitation connected to the
hypotheses at the base of the approach proposed, limit analysis
may be very useful for design purposes, to provide fast and reliable
calculations of collapse loads at structural level. Starting from the
observation that a continuous grid preserves the periodicity of
the internal masonry layer, homogenization is applied directly on
a multi-layer heterogeneous representative element of volume
(REV) constituted by bricks, ﬁnite thickness mortar joints and
external C-GFRP grids. In particular, reinforced masonry homoge-
nized failure surfaces are obtained by means of a compatible iden-
tiﬁcation procedure (see also Milani et al., 2008, 2010 for a similar
approach in the unreinforced case), where each brick is supposed
interacting with its six neighbors by means of ﬁnite thickness mor-
tar joints and FRP grid is applied on the external surfaces of the
REV. In the framework of the kinematic theorem of limit analysis,
a simple constrained minimization problem is obtained on the unit
cell, suitable to estimate – with a very limited computational effort
– reinforced masonry homogenized failure surfaces.
A FE strategy is adopted to solve the homogenization problem
at a cell level, modeling joints and bricks with six-noded wedge
shaped elements and the FRP grid through rigid inﬁnitely resistant
truss elements connected node by node with bricks and mortar.
Differently from a well known elastic FE discretization, in the mod-
el several nodes may share the same coordinate, being each node
associated with only one element. In this way, at each interface be-
tween adjacent elements, possible jumps of velocities can occur.
Velocities interpolation is supposed to vary linearly inside eachinterface. Several different typologies of interfaces are present in
the model, representing mortar joints, internal bricks interfaces,
and FRP/FRP interfaces (truss interfaces).
For mortar and bricks interfaces, a frictional behavior with pos-
sible limited tensile and compressive strength is assumed
(Lourenço and Rots, 1997). Delamination of the grid from the sup-
port is treated in the paper is an approximate but effective way,
following a modeling strategy suggested by the Italian CNR DT/
200 (CNR, 2004; Focacci, 2008). As a matter of fact, a rigorous strat-
egy to directly take into account in a numerical model the behav-
iour of the layer between masonry and the FRP reinforcement
should utilize interface model concepts. According to this model,
the shear stress acting on the interface is related to the relative dis-
placement of the two sides (masonry and FRP). Nevertheless, pla-
nar interfaces utilization in a FE framework is rather complex,
because it implies the usage of numerical packages by experienced
practitioners and the knowledge of the parameters that deﬁne the
behaviour of the FRP/masonry layer. Unfortunately, the heteroge-
neity of the masonry material and the reduced number of per-
formed tests, do not allow having at disposal a sufﬁciently wide
data set to completely assess the interface behavior. It seems
therefore useful to adopt a simpliﬁed, easy to use but technical
meaningful alternative to circumvent these difﬁculties.
In the CNR code (CNR, 2004), see also Grande et al. (2008), a
simple alternative procedure is suggested to evaluate delamina-
tion, relying in modeling FRP with truss elements and in evaluating
conventionally truss maximum strength through some approxi-
mate formulas. This assumption is adopted here, supposing trusses
connected node by node to the external masonry surface and
imposing, in the framework of limit analysis, a conventional lim-
ited strength at the interfaces between two contiguous trusses.
Assuming an associated ﬂow rule for the constituent materials, a
conceptually simple but numerically hard (with reference to the
total number of variables involved in the optimization) linear pro-
gramming problem is obtained at a cell level.
Four cases are critically analyzed in the paper, relying on two
different grid dispositions applied at the extrados only and at the
intrados and extrados. The two grids considered are respectively
disposed along material axes (0/90 disposition, suitable for out-
of-plane strengthening of walls in two-way bending) and with a
45 rotation with respect to horizontal axis (45/45 disposition,
particularly indicated for preventing shear collapses). The grid step
is approximately 20 mm in both cases. Homogenized failure sur-
faces are then implemented in a FE upper bound limit analysis
code for the analysis of entire masonry buildings reinforced with
continuous grids. Two meaningful structural examples are consid-
ered to show the capabilities of the procedure proposed. The ﬁrst
relies on a reinforced masonry deep beam (0/90 continuous rein-
forcement – a similar reinforcement was proposed for a shear wall
by Papanicolaou et al. (2007), whereas the second is a masonry
beam in simple bending tested by Papanicolaou et al. (2008). In or-
der to validate the numerical approach proposed, in the ﬁrst case a
328 G. Milani / International Journal of Solids and Structures 48 (2011) 326–345full comparison with results obtained performing a heterogeneous
analysis with a semi-commercial software and assuming an elasto-
plastic behavior for the constituent materials is reported. Good
agreement is found, meaning that the limit analysis approach pro-
posed can be a valuable tool for the prediction of failure mecha-
nisms and collapse loads of complex masonry structures
reinforced with FRP grids.2. Micro-scale: reinforced masonry macroscopic in- and out-of-
plane failure surfaces
In this section, the single step procedure adopted to estimate
strength domains of masonry reinforced with a continuous GFRP
grid is described. The utilization of a continuous grid preserves
the periodicity of the internal masonry layer. As a consequence,
homogenization can be applied directly to the strengthened mate-
rial. In particular, a recently presented compatible identiﬁcation
model is used to solve the homogenization problem at a cell level
and obtain FRP reinforced masonry failure surfaces in the case of
in- and out-of-plane actions. In the model, a single brick is sup-
posed to interact with its six neighbors through ﬁnite thickness
mortar joints. A FE kinematic limit analysis approach is used to
solve the homogenization problem, discretizing bricks and mortar
with six-noded wedge shaped elements and the reinforcement grid
with rigid plastic trusses. The failure surfaces so obtained will be
then implemented in a full 3D kinematic ﬁnite element limit anal-
ysis model suitable to study entire walls and full scale 3D buildings
near collapse.2.1. Homogenization basic assumptions
A kinematic limit analysis approach is adopted to provide an
upper bound estimation of strengthened masonry failure surfaces.G A
t
a
b
Heterogeneous model
GA
FEM discretization
FRP grid Truss element Con
Element E
7 bricks REV FRP grid
Fig. 2. Multi-layer approach for a masonry wall reinforced with FRP. FRP is modeled by
with inﬁnitely resistant wedge shaped elements. A possible plastic dissipation can occ
interfaces between adjoining wedges.The model is similar to Milani et al. (2009a, 2010) and consists in
assuming a REV (representative element of volume) constituted
by a discrete system with a central brick interconnected with its
six neighbors through mortar joints, as schematically depicted in
Fig. 2. The main differences between the present model and Milani
(2009) approach are: (1) the possible failure of bricks (the REV is
discretized through wedge FEs), (2) the ﬁnite thickness of joints
and (3) the introduction of the strengthening grid through rigid
inﬁnitely resistant truss elements with plastic dissipation at the
interfaces between adjoining trusses.
A linearization with several planes of the macroscopic masonry
failure surface (hereafter denoted with the symbol Shom) is succes-
sively implemented in a 3D kinematic FE limit analysis code for an
upper bound limit analysis of entire walls.
In the framework of the kinematic theorem of limit analysis,
optimization variables to obtain Shom are represented by the veloc-
ity ﬁeld v in the discrete model. Such ﬁeld is identiﬁed to the mac-
roscopic quantity _eEy þ _~vy þ _eCy þ vper, where _eE is a macroscopic
strain rate ﬁeld, _~v contains the macroscopic curvature rate ﬁeld,
_eC contains the macroscopic out-of-plane sliding rate, and vper is
a periodic velocity ﬁeld.
As stated in Suquet (1983), Shom is obtained solving the follow-
ing constrained minimization problem:
Shom 
Kl ¼ min
vper ;
_eE; _~v; _eC 1V
R
V Pð _dÞdV ðaÞ
N0 : _eE þM0 : _~vþ T0T _eC ¼ 1 ðbÞ
v ¼ _eEy þ _~vy þ _eCy þ vper ðcÞ
8>>><>>>:
ð1Þ
where:
– Kl is the kinematic limit multiplier of the assigned macroscopic
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actions and out-of-plane shear tensors/vectors (i.e. they deﬁne
only the direction in the Shom generalized stress space at which
k is evaluated, see also Fig. 3, where a section of Shom assuming
N0 ¼ N011 N022 N012
 T ¼ 0;T0 ¼ T013 T023 T ¼ 0 and M0 ¼
M011 M
0
22 M
0
12
 T ¼ R1 is schematically represented);
– Pð _dÞ is the local plastic dissipation over the REV;
– y is a point of the REV in the local frame of reference and V is the
REV volume;
– _d is the micro-strain rate tensor, i.e. _dij ¼ 12 @v i@yj þ
@v j
@yi
 
.
2.2. Bricks and mortar discretization: six-noded wedge elements
Bricks and mortar joints are meshed by means of six-noded ri-
gid and inﬁnitely resistant wedges. Plastic dissipation is thus al-
lowed only at the interfaces between contiguous elements.
Kinematic variables for each wedge are represented by three cen-
troid velocities UGE ¼ uExx;uEyy;uEzz
 
and three rotations around cen-
troid G UE ¼ UExx;UEyy;UEzz
 
, see Fig. 4a.
Let the symbol CE12 indicate the quadrilateral edge surface of the
element E connecting nodes P1, P2, P3 and P4, Fig. 4. Velocity ﬁeld
U(P) of a generic point P with global coordinates (xP,yP,zP) on C
E
12
is expressed in the global frame of reference as:
UðPÞ ¼
uxx
uyy
uzz
264
375 ¼ u
E
xx
uEyy
uEzz
264
375þ 0 U
E
yy U
E
zz
UEyy 0 UExx
UEzz UExx 0
2664
3775
xP  xG
yP  yG
zP  zG
264
375
¼ UGE þ REðUEÞðP  GÞ ð2Þ
where RE is element E rotation matrix and G ¼ xG yG zG½ T .
From Eq. (2), jump of velocities [U(P)] on the interfaces between
two contiguous elements N and M, Fig. 4b, can be evaluated in the
global coordinates system as ½UðPÞ ¼ UGM  UGN þ RMðP  GMÞ
RNðP  GNÞ.
Let sI  rI1  rI2 indicate the local frame for the interface between
N and M elements (vertices corresponding to nodes P1, P2, P3 and
P4, Fig. 4), characterized by two mutually orthogonal axes laying
on the interface plane and the third perpendicular to the interface.
Unitary vectors sI  rI1  rI2 are expressed in the global coordinates
as follows:
~sI ¼ ðP2  P1Þ  ðP4  P1Þ sI ¼
~sI
k~sIk r
I
1 ¼
P2  P1
kP2  P1k r
I
2 ¼ ~sI  rI1
ð3Þ
Denoting with Re the rotation matrix with respect to the global
coordinate system, jump of velocities is written in the local system
as ½eUðPÞ ¼ Re½UðPÞ, where the superscript  indicates local quanti-ties ð½eUðPÞ ¼ ½DuðPÞ Dv1ðPÞ Dv2ðPÞ TÞ. Thus, power dissipated
on a generic interface I is:
p ¼
Z
I
rMðPÞ  eUMðPÞ þ rNðPÞ  eUNðPÞh idS ¼ Z
I
rMðPÞ  ½eUðPÞdS
ð4Þ
where rMðPÞ ¼ rIðPÞ sI1ðPÞ sI2ðPÞ
 T is the stress vector acting at
P on element M, Figs. 4 and 5 (rN(P) = rM(P)).
2.3. Brick and mortar failure surfaces
Brick and mortar are modeled through rigid inﬁnitely resistant
wedges, plastic dissipation is allowed only at the interfaces be-
tween contiguous wedge elements. In particular, we assume that
an interface between a mortar and a brick wedge element is a mor-
tar interface, whereas an interface between mortar–mortar and
brick–brick element is a mortar or a brick interface respectively.
Interfaces are plane and quadrilateral and the kinematic assumed
for the jump of velocities is linear.
As a rule, any non-linear failure criterion / = /(r) for the inter-
faces can be assumed. Nonetheless, as experimental evidences
show, basic failure modes for masonry walls with weak mortar
are a mixing of sliding along the joints (a), direct tensile splitting
of the joints (b) and compressive crushing at the interface between
mortar and bricks (c). These modes may be gathered adopting a
Mohr–Coulomb failure criterion combined with tension cut-off
and cap in compression. Therefore, for mortar joints interfaces, a
linearized Lourenço–Rots (Lourenço and Rots, 1997) failure crite-
f
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Fig. 5. Linearized strength domains adopted for brick–brick interfaces (left), brick–mortar interfaces (center) and joints (right).
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Mohr–Coulomb failure criterion with cap in compression
(/b = /b(r)) is assumed, Fig. 5.
Aiming at treating the problem within the framework of linear
programming, within each interface I of area AI, a piecewise linear
approximation of the failure surface / = /(r) is adopted. / = /(r) is
generally approximated with nlin planes of equation A
IT
i r ¼ cIi ;
1 6 i 6 nlin. In Fig. 5, for instance, two different linearized failure
surfaces for both mortar–mortar interfaces and brick–brick inter-
faces are shown.
Since in the FE model adopted, jump in velocity on interfaces is
assumed to vary linearly, 3  nlin independent plastic multiplier
rates are assumed as optimization variables for each interface.
Normality rule at the interfaces is expressed by three equality
constraints per point of the interface, involving plastic multiplier
rates ﬁelds _kIiðPÞ and the jump of velocity ½eUðPÞ ﬁeld is given by:
½eUðPÞ ¼Xnlin
i¼1
_kIiðPÞ
@/
@r
ð5Þ
where _kIiðPÞ is the ith plastic multiplier rate ﬁeld of I, associated with
the ith linearization plane of the failure surface.
In order to satisfy Eq. (5) for each point of I, nine equality con-
straints must be imposed, i.e. it is necessary to evaluate (5) in cor-
respondence of three different positions Pk = (xk,yk, zk) on I (for
instance at P1,P2,P5 of C12, Fig. 4:
½eUðPkÞ ¼Xnlin
i¼1
_kIiðPkÞ
@/
@r
; k ¼ 1;2;3 ð6Þwhere _kIiðPkÞ is the ith plastic multiplier rate of I corresponding to
point Pk = (xk,yk,zk).
From Eqs. (4)–(6), internal power dissipated on the Ith interface
is expressed by the following equation:
pIint ¼
Z
AI
½eUðPÞTrdAI ¼ Z
AI
Xnlin
i¼1
_kIiðPÞ
@/
@r
 T
rdAI ¼ 1
4
Xnlin
i¼1
cIi
X4
k¼1
_kIiðPkÞAI
ð7Þ
It is interesting to notice from Eq. (7) that internal power estimation
depends on plastic multiplier rates variables of points Pk only. Final-
ly, it is stressed that the set of plastic multipliers _kIiðP4Þ are linear
dependent with respect to plastic multipliers of points P1, P2 and
P3 and is introduced in the equations only for the sake of clearness.
2.4. FRP grid discretization
A FRP continuous grid is considered, constituted by small com-
posite rods of area AF disposed along two perpendicular directions
x0 and y0, with x0 parallel to s(k) unitary vector in the global frame of
reference, see Fig. 6. Let the FRP grid be geometrically constituted
by rods equally stepped, with step equal to Dx0 and Dy0 along x0 and
y0.
Within a ﬁnite element discretization of the REV, we choose to
discretize the grid by means of rigid-inﬁnitely resistant two-noded
trusses, as schematically depicted in Fig. 6. Thus, for each FRP
element, six unknowns are introduced, corresponding to element
centroid velocities uE ¼ uExx uEyy uEzz
 T
and rotation rates
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h iT
. Plastic dissipation is allowed at the inter-
faces between adjoining elements only for tensile stress. We there-
fore assume that the only non-null component of the jump of
velocities on an interface is parallel to the direction of the truss.
Therefore, continuity of the velocity ﬁeld is imposed at each inter-
face between contiguous FRP elements only along directions r(k)
and t(k) (see Fig. 6) whereas a possible jump of velocities is sup-
posed to occur along direction s(k). Here s(k) is the truss direction,
whereas r(k) and t(k) are two unitary vectors orthogonal to s(k)
and forming with s(k) a local frame of reference for the truss under
consideration.
Referring to Fig. 6, let two contiguous FRP trusses M and N be
considered. Their centroid velocities and rotation rates are
uM ¼ uMxx uMyy uMzz
 T
; uN ¼ uNxx uNyy uNzz
 T
; UM ¼ UMxx UMyy UMzz
h iT
and UN ¼ UNxx UNyy UNzz
h iT
. Jump of velocities on the common M
and N interface (I  FRP) is linear: therefore, it is necessary to intro-
duce only two plastic multipliers for each interface, corresponding
to truss failure under tensile and compressive stresses.
When two contiguous trusses have the same direction, a local
frame of reference s(k)  t(k)  r(k) for the interface between the
two elements has to be deﬁned as follows (see also Fig. 6 for sym-
bols meaning):
sðkÞ ¼ ðP2P1ÞþðP3P2ÞkðP2P1ÞþðP3P2Þk
rðkÞ ¼ ðP4P2ÞkðP4P2Þk
tðkÞ ¼ sðkÞ  rðkÞ
8>><>: ð8Þ
Denoting with xP2 yP2 zP2
 
point P2 coordinates, the velocity of
P2 belonging to the element M (indicated as P2(M)) is given by:
uP2ðMÞxx
uP2ðMÞyy
uP2ðMÞzz
264
375 ¼ u
M
xx
uMyy
uMzz
264
375þ 0 U
M
yy UMzz
UMyy 0 UMxx
UMzz UMxx 0
2664
3775
xP2  xM
yP2  yM
zP2  zM
264
375
¼ UMG þ RMðP2  GMÞ ð9Þ
where GM ¼ xM yM zM½  is the centroid of element M.
Node P2(M) velocity can be easily re-written in the
s(k)  t(k)  r(k) local interface frame of reference by means of the
rotation matrix T(M,N) deduced from Eq. (8), i.e.:
uP2ðMÞs u
P2ðMÞ
r u
P2ðMÞ
t
 T ¼ TðM;NÞ UMG þ RMðP2  GMÞh i ð10Þ
where T(M,N) is the rotation matrix from the global to the local
coordinate system. No difference occurs for node P2(N), providedthat element N velocities and centroid are used instead of quantities
related to M.
Consequently, P2 jump of velocities is evaluated (in the local
coordinate system) as:
½uP2  ¼ TðM;NÞ UMG  UNG þ RMðP2  GMÞ  RNðP2  GNÞ
h i
ð11Þ
where ½uP2  ¼ DuP2s DuP2r DuP2t
 T ¼ uP2ðMÞs  uP2ðNÞs uP2ðMÞr  uP2ðNÞr
uP2ðMÞt  uP2ðNÞt T . As already discussed, plastic dissipation is supposed
to occur at the interfaces only, due to stresses acting parallel to ﬁ-
bers direction s(k).
As a rule, low compressive stresses induce buckling of the
strips, due to the FRP negligible thickness. In order to take into ac-
count this effect (at least in an approximate way), different limit
stresses are assumed in tension and compression, namely fþFRP (as-
sumed equal to ffdd or ffdd,rid in agreement with CNR-DT200 (2004),
see the following section for details) for tensile failure and fFRP  0
for compression buckling respectively.
To be kinematically admissible, velocity jump at the interfaces,
Eq. (11), must obey to the following equality constraints (associ-
ated ﬂow rule):
½uP2  ¼
DuP2s
DuP2r
DuP2t
264
375 ¼ _k
IFRPþ
P2
 _kIFRPP2
0
0
264
375 ð12Þ
where _kIFRPþP2 and
_kIFRPP2 are plastic multiplier rates of point P2
(interface I  FRP) corresponding to fþFRP and fFRP respectively.
On the other hand, from Eqs. (11) and (12), within each inter-
face I  FRP of area AIFRP (thickness s, width b), the power dissi-
pated may be easily evaluated as:
pF ¼ AIFRPDuP2s rP2 ¼ AIFRP fþFRP _kIFRPþP2 þ fFRP _kIFRPP2
 
ð13Þ
where rP2 is the stress component action along s
(k) on node P2 and
all the other symbols have been already introduced.
2.5. FRP/masonry interfaces (delamination)
One of the most important aspects in the application of com-
posite materials for strengthening structural elements is the adhe-
sion between the reinforcing and reinforced materials. This
phenomenon is very complex to model, because it involves
materials with different properties (masonry, FRP and glue layer)
and depends on several parameters. Experimental studies
332 G. Milani / International Journal of Solids and Structures 48 (2011) 326–345demonstrated that decohesion occurs for masonry failure, i.e. the
delaminated FRP presents a signiﬁcant layer of masonry material
on the debonded surface.
As already pointed out, some national norms (CNR, 2004; JSCE,
2001) are at disposal to evaluate with simple but effective formulas
the delamination of a FRP strip from the support, especially for RC
elements.
For the sake of simplicity, in what follows, we refer to what sta-
ted in the Italian technical norm CNR (2004), where a simpliﬁed
approach is proposed to evaluate delamination on masonry.
According to CNR (2004), two different numerical models can
be adopted. The ﬁrst (used in this paper) relies in discretizing
FRP through truss elements with limited ad hoc tensile strength,
the second in modeling FRP with plate elements where delamina-
tion is accounted by means of a suitable interface law between FRP
and masonry (modeled with 3D elements). In the ﬁrst case, for
truss elements, a suitable reduced tensile strength value ffdd which
takes into account delamination has to be imposed.
In particular, the ffdd design tensile strength for FRP elements
suggested by the Italian code is:
ffdd ¼ 1cfd
ﬃﬃﬃﬃﬃﬃcMp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2  EFRP  CFk
tFRP
s
ð14Þ
if the so called bond length lb is greater than the optimal bond
length le or:
ffdd;rid ¼ ffdd lble 2
lb
le
	 

ð15Þ
if lb 6 le.Fig. 7. Finite element discretizations used for obtaining homogenized failure surfa
extrados + intrados 45/45 disposition.
Table 1
Reinforced masonry. Mechanical properties adopted for bricks, mortar and FRP interfaces
Interfaces
Brick (wedge wedge interfaces) Mohr–Coulomb with cutoff Mortar joints (we
Ua [] cb [MPa] fcd [MPa] U1a [] ftc [
45 1.2 2ccosU/(1  sinU) 20 0.12
a Friction angle.
b Cohesion.
c Tensile strength.
d Compressive strength.
e Shape of the linearized compressive cap.In Eqs. (14) and (15) ffdd,rid is the reduced value of the design
bond strength, ffdd is the design bond strength, EFRP is the FRP
Young modulus, tFRP is the FRP thickness, cfd and cM are code partial
safety factors, lb is the bond length of FRP elements, le ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EFRP tFRP
2fmtm
q
is
the optimal bond length of FRP corresponding to the minimal bond
length able to carry the maximum anchorage force (fmtm indicates
masonry average tensile strength) and CFk is the characteristic va-
lue of the speciﬁc fracture energy of the FRP strengthened masonry
under a delamination test.
It is worth noting that, when a comparison between numerical
models and experimentation is performed, safety factors have to
be set all equal to 1.
The second approach (not adopted in this paper), requires an
evaluation of the maximum bond strength fb from fracture energy.
The fracture energy CFk (characteristic value) may be evaluated by
means of the following formula:
CFk ¼ c1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
fmk  fmtm
p
½f in N=mm2 ð16Þ
where c1 is an experimentally determined coefﬁcient, that typically
may range between 0:015	 0:030 and fmk is the characteristic value
of masonry compressive strength. The sb-slip constitutive law pro-
posed in CNR (2004), permits an indirect evaluation of shear limit
stress to use for masonry/FRP interface elements.
2.6. The linear programming (LP) problem
In order to numerically evaluate masonry failure surfaces rein-
forced with a continuous FRP grid, in the framework of the kine-
matic theorem of limit analysis (upper bound approach), theces. (a): Extrados and extrados + intrados 0/90 disposition. (b): Extrados and
in the limit analysis model.
dge wedge interfaces) Lourenço and Rots FRP grid (truss interfaces)
MPa] cb [MPa] fcd [MPa] U2
e [] ffdd
1.0ft 1.0 60 120
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Fig. 8. REV with 0/90 FRP grid. Homogenized in-plane masonry failure surfaces obtained with the procedure proposed and implemented at structural level for the analysis
at collapse of entire reinforced structures. (a): Extrados only. (b): Intrados + extrados.
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loads independent from the load multiplier has to be minimized
under suitable equality and inequality constraints. Within the FE
discretization described in the previous sub-sections, the following
linear programming problem is obtained:
min Pin;assI _k
I;assT  PT0w
n o
such that
AeqU ¼ beq
_kI;ass P 0
(
8>><>>: ð17Þ
Eq. (17) is a standard linear programming problem, which allows to
estimate collapse loads of entire structures within the FE approach,
as stated for the ﬁrst time in Anderheggen and Knöpfel (1972).
In (17), U is the vector of global unknowns, Aeq is the overall
constraints matrix (collecting boundary conditions and assembled
jumps of velocities on interfaces equations, Pin;assI is a row vector
that collects contributions to the internal dissipation of brick–
brick, mortar–mortar, mortar–brick and FRP–FRP interfaces and
PT0 is a column vector collecting the external loads independent
from the load multiplier (for instance an assigned vertical pre-compression). U collects the vector of elements centroids velocities
(w) and rotation rates (U) of both FRP and masonry elements and
the vector of assembled interface plastic multiplier rates ð _kI;assÞ.
_kI;ass collects plastic multiplier rates of masonry interfaces and
FRP–FRP interfaces.
The reader is referred to Sloan and Kleeman (1995) for a critical
discussion of efﬁcient (classic) linear programming tools suited for
solving (17).
On the other hand, it is worth noting that recent trends in limit
analysis have demonstrated that the linearization of the strength
domain can be circumvented using conic/semi-deﬁnite program-
ming (e.g. Krabbenhoft et al., 2007; Makrodimopoulos and Martin,
2006). This tool is more powerful in terms of processing time with
respect to classic LP and could lead to a numerical efﬁciency
improvement for the structural analyses. Both free (e.g. SeDuMi,
http://sedumi.mcmaster.ca/) and commercial (e.g. www.mosek.-
com) standalone tools are nowadays available; nonetheless, since
the aim of this paper is mainly concentrated on the structural as-
pects related to the limit analysis of very complex reinforced ma-
sonry elements, the classic interior point LP routine available in
Matlab is used for the sake of simplicity.
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Fig. 9. REV with 45/+45 FRP grid. Homogenized in-plane masonry failure surfaces obtained with the procedure proposed and implemented at structural level for the
analysis at collapse of entire reinforced structures. (a): Extrados only. (b): Intrados + extrados.
Fig. 10. Comparison between homogenized in-plane masonry strength domain in absence of reinforcement and with a 0/90 FRP grid placed at the extrados.
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Fig. 11. REV deformed shapes at collapse under horizontal positive stretching. (a): 0/90 extrados reinforcement. (b): 45/45 extrados reinforcement. (c): 0/90
extrados + intrados reinforcement. (d): 45/45 extrados + intrados reinforcement.
G. Milani / International Journal of Solids and Structures 48 (2011) 326–345 3353. Numerical simulations at a cell level
A number of numerical simulations have been performed at a
cell level with the aim of inspecting the inﬂuence of different rein-
forcement typologies on the overall in- and out-of-plane strength
of masonry reinforced with GFRP grids. In particular, a masonry
wall constituted by bricks of dimensions 250  55  120 mm
(length  height  thickness, standard Italian bricks) and mortar
joints with thickness 10 mm is considered. Mechanical properties
at failure adopted for the constituent materials are summarized
in Table 1. For mortar joints, a linearized Lourenço and Rots (Lour-enço and Rots, 1997) failure criterion is adopted, whereas for bricks
a Mohr–Coulomb failure criterion with compression cutoff is
assumed.
Four different strengthening conﬁgurations are critically ana-
lyzed and compared. The ﬁrst is a grid disposed only at the extra-
dos with rotation # equal to zero with respect to the horizontal axis
(hereafter labeled as 0/90 disposition), the second is an extrados
grid rotated of 45 (hereafter called 45/+45), the third has the
same disposition of the ﬁrst but is applied both at the intrados
and extrados and the last one has the same disposition of the
second but is applied both at the intrados and extrados). The
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Fig. 12. REV with extrados 0/90 FRP grid. Homogenized masonry failure surfaces obtained with the procedure proposed and implemented at structural level for the analysis
at collapse of entire reinforced structures. (a): M11–M22 out-of-plane failure surfaces at different values of T13 out-of-plane shear. (b): M11–M12 failure surfaces at different
values of T13. (c): M11–M22 out-of-plane failure surfaces at different values of T23 out-of-plane shear. (d): M11–M12 out-of-plane failure surfaces at different values of T23.
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picted in Fig. 7. Here, it is worth noting that the same mesh is used
to discretize masonry in the ﬁrst and third case and in second and
forth case respectively. The only difference relies on the presence
of truss elements on one (extrados) or two (extrados + intrados)
surfaces.
Masonry in- and out-of-plane failure sections are obtained with
the model proposed for all the cases inspected.
In Figs. 8 and 9, Nh  Nv masonry in-plane strength domains –
obtained with the model proposed – are reported for three differ-
ent orientations of the bed joint (Nv represents the vertical homog-
enized membrane action) with respect to the direction of the
horizontal membrane action Nh, respectively for 0/90 and 45/
45 disposition (a: intrados, b: intrados + extrados). Furthermore,
in Fig. 10, a comparison between homogenized in-plane masonry
strength domain in absence of reinforcement and with a 0/90
FRP grid placed at the extrados is represented. As usual, sections
of the failure surface at three different orientations # of the homog-
enized vertical and horizontal stresses with respect to bed joint are
represented. As expected, the most evident contribution on the
overall strength induced by the reinforcement occurs in the ten-
sion–tension region, whereas in compression the FRP has small
or no effect. Approximately, the ratio between compressive and
tensile strength passes from 10:1 in the unreinforced case to10:2.5 in presence of FRP, meaning that, at least numerically, a
continuous strengthening seems rather efﬁcient.
From an analysis of numerical results reported in Figs. 8 and 9,
the following key aspects are worth noting:
1. In all the four cases inspected, the model is capable of reproduc-
ing the typical anisotropic behavior of masonry along the mate-
rial axes under in-plane loads, both in tension and in
compression.
2. The role played by the reinforcement in increasing the overall
resistance of masonry in the tension–tension range is rather
clear. In particular, the ratio between mortar tensile and com-
pressive strength is 12/100. It is therefore expected that, in
the unreinforced case, homogenized masonry exhibits a similar
strengths ratio. When dealing with the reinforced case, the ten-
sile resistance along material axes increases considerably, thus
strongly reducing strengths ratios. For instance, a single leaf of
reinforcement at the extrados reduces the ratio between tensile
and compressive strength from 12/100 to 30/100 (0/90) and
40/100 (45/45). Obviously, a double leaf at the extra-
dos + intrados decreases further such ratio at around 50/100.
3. A detailed analysis of the REV deformed shapes at collapse
under horizontal membrane tensile action (see Fig. 11) shows
that (a) the reinforcement dissipates along the cracks running
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Fig. 13. REV with extrados 45/45 FRP grid. Homogenized masonry failure surfaces obtained with the procedure proposed and implemented at structural level for the
analysis at collapse of entire reinforced structures. (a): M11–M22 out-of-plane failure surfaces at different values of T13 out-of-plane shear. (b): M11–M12 failure surfaces at
different values of T13. (c): M11–M22 out-of-plane failure surfaces at different values of T23 out-of-plane shear. (d): M11–M12 out-of-plane failure surfaces at different
values of T23.
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reinforcement seems to involve an amount of FRP (projected
along x-axis) slightly higher with respect to the 0/90 case,
resulting in a greater overall strength. This last remark is in per-
fect agreement with experimentation, which shows that inclined
reinforcements are more effective for a shear strengthening.
After the in-plane characterization of the numerical model,
reinforced masonry behavior subjected to bending (M11 or M22)
and torque (M12) is evaluated with the model proposed at increas-
ing levels of the out-of-plane shear components, for all the rein-
forcement conﬁgurations considered.
For instance, in Fig. 12a and b, several sections M11–M22 and
M11–M12 (horizontal bending moment-vertical bending moment
and horizontal bending moment-torsion respectively) of the ma-
sonry failure surface bU are represented varying T13 (out-of-plane
shear). In a similar way, in Fig. 12c and d, the same simulations
are repeated varying T23. The same simulations are repeated in1 For interpretation of color in Figs. 1,2,5–9,10-19,21,23, the reader is referred to
the web version of this article.Figs. 13–15 respectively for a 45/45 extrados, a 0/90 extra-
dos + intrados and a 45/45 extrados + intrados reinforcement.
Similar to the in-plane case, out-of-plane strength is anisotropic.
In particular masonry strength is higher in horizontal bending,
due to the bed joints torsional contribution (frictional behavior).
Furthermore, the strengthening contribution is rather evident.
From an overall analysis of the results, it can be argued that:
1. The 45/45 reinforcement gives the same increase on the ver-
tical bending with respect to the 0/90 reinforcement (same
areas and truss forces projection), whereas the horizontal bend-
ing is slightly greater, due to the fact that more ﬁbers are
involved in the failure mechanism (bed and head joints).
2. The asymmetric strength of the failure surfaces (refer, for
instance to M11–M22 failure surfaces of Figs. 12 and 13) is
rather clear in the case of extrados reinforcement. Obviously,
ultimate bending moment increases considerably with respect
to the unreinforced case when the FRP is disposed in the tensile
region, whereas remains almost unchanged (even if a small
contribution exists also in this case) when the REV is bent with
the grid at the intrados. The behavior of the REV is similar to
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Fig. 14. REV with intrados + extrados 0/90 FRP grid. Homogenized masonry failure surfaces obtained with the procedure proposed and implemented at structural level for
the analysis at collapse of entire reinforced structures. (a): M11–M22 out-of-plane failure surfaces at different values of T13 out-of-plane shear. (b): M11–M12 failure surfaces
at different values of T13. (c): M11–M22 out-of-plane failure surfaces at different values of T23 out-of-plane shear. (d): M11–M12 out-of-plane failure surfaces at different
values of T23.
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reinforcement only. The small contribution of the FRP in bend-
ing with reinforcement at the intrados can be observed in
Fig. 16, where the deformed shape of the REV (0/90 intrados
strengthening) near collapse and subjected to M11 and T23
out-of-plane shear is depicted. Red thick lines represent plastic
dissipation on FRP. As it is possible to notice, the small mutual
movement of the bricks in bending causes positive deforma-
tions of the grid and therefore an increase of the overall
strength. In any case, as expected, the contribution of the rein-
forcement grid remains much more important when ﬁbers are
disposed at the extrados, as demonstrated by the deformed
shape of the REV (extrados FRP) in presence of pure M11 bend-
ing represented in Fig. 17.
3. Comparing Figs. 15 and 14b and d it can be argued (as expected)
that the torque strength of the reinforced REV increases consid-
erably when a double (i.e. intrados + extrados) 45/45 rein-
forcement is used instead of a double 0/90. On the contrary,
when the reinforcement is disposed only on one external face,
the torque does not increase much for the introduction of the
FRP (see Figs. 12 and 13). Such a behavior is rather clear ifdeformed shapes at collapse of the REV in presence of a double
or simple reinforcement under pure torsion are compared, see
Fig. 18. From Fig. 18 it is particularly evident that in the ﬁrst
case (simple strengthening), there is no dissipation on trusses
interfaces, whereas in the second case (double strengthening),
torque induces mutual movements of the bricks with a remark-
able contribution of the FRP on the overall resistance of the REV
(red thick lines).
4. When dealing with a double reinforcement, it can be concluded
that a disposition with 45/45 is preferable with respect to
the same grid arranged at 0/90, even for the out-of-plane case.
Indeed, torque strength increases considerably, whereas bend-
ing strength along material axes is approximately the same
exhibited by a grid disposed along material axes.
4. Structural examples
In this section, two structural meaningful examples of FRP rein-
forced masonry structures are critically analyzed, with the aim of
showing limitations and capabilities of the model proposed. The
ﬁrst numerical set of simulations are performed on a deep beam
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Fig. 15. REV with intrados + extrados 45/45 FRP grid. Homogenized masonry failure surfaces obtained with the procedure proposed and implemented at structural level
for the analysis at collapse of entire reinforced structures. (a): M11–M22 out-of-plane failure surfaces at different values of T13 out-of-plane shear. (b): M11–M12 failure
surfaces at different values of T13. (c): M11–M22 out-of-plane failure surfaces at different values of T23 out-of-plane shear. (d): M11–M12 out-of-plane failure surfaces at
different values of T23.
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with a heterogeneous approach conducted with a semi-commer-
cial code implemented by the author in Matlab is provided to val-
idate the model. The second set of analyses are conducted on a
series of masonry beams in simple horizontal and vertical ﬂexion.
Some experimental data are available in the latter case from
Papanicolaou et al. (2008) and a comparison to validate the numer-
ical model is therefore possible.
When dealing with the limit analysis simulations, a recently
presented easy-to-use package developed by the author for non-
commercial purposes (see Milani et al., 2010 for the details of
the software) has been used. The code uses six-noded wedge
shaped solid elements, supposed rigid inﬁnitely resistant. Jump
of velocities are possible at the interfaces between contiguous ele-
ments, where plastic dissipation occurs. Differently to standard
limit analysis FE packages available in the literature, here dissipa-
tion occurs on a homogenized material. It is therefore necessary to
estimate a projection of the homogenized failure surface obtained
in the previous section on each interface. At this aim, a simple but
effective approach presented recently by Krabbenhoft et al. (2005)
has been used. Wedge shaped elements are adopted in order toreproduce, with the same numerical model, both failures due to
in- and out-of-plane actions, thus giving the possibility to analyze
entire buildings.
4.1. Deep beam
A 207  103 mm2 (L  H) masonry deep beam arranged in run-
ning bond texture (mortar joints thickness 10 mm) with bricks of
dimensions 250  120  55 mm3 (length  thickness  height)
and reinforced with a continuous FRP grid disposed horizontally
and vertically (step of the grid equal to 20 mm approximately) is
analyzed, see Fig. 19a. We assume that the wall is vertically loaded
until collapse on the central zone of the top edge. The width of the
zone of application of the load is assumed equal to the length of
two bricks (500 mm). Length of the supports Ls, placed in corre-
spondence of the bottom edge corners, is 260 mm. Mechanical
properties adopted for bricks and mortar interfaces in the limit
analysis simulations are summarized in Table 1. In Fig. 19b the
mesh used within the FE limit analysis approach proposed is rep-
resented: it relies in 1024 wedge elements and 6144 nodes and
corresponds to a quite reﬁned discretization. In order to validate
Fig. 17. Deformed shapes at collapse in presence of M11 bending moment, 0/90 FRP disposed at the extrados. Red thick lines represent plastic dissipation on FRP.
Fig. 16. Deformed shapes at collapse in presence of M11 bending moment (dependent on the load multiplier) and T23 out-of-plane shear, 0/90 FRP disposed at the intrados.
(a and b): Perspective view of the deformed shape. (c): Detail of the out-of-plane sliding and of the plastic dissipation of the FRP grid (red thick lines).
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Fig. 18. Deformed shapes at collapse in presence of pure torsion, 45/45 extrados (top-center) and 45/45 double (bottom) FRP disposition.
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results provided by a semi-commercial code implemented in Mat-
lab is provided. In such code, a plane stress heterogeneous ap-
proach is adopted, modeling separately bricks and mortar joints
(thickness 10 mm) with four-noded plate elements. In the model,
an elasto-plastic associated Mohr–Coulomb behavior with com-
pression cutoff is assumed for both bricks and mortar joints, having
the following mechanical properties: brick cohesion cb = 1.2 MPa,
brick friction angle Ub = 45, brick limited compressive strength
fc = 5.5 MPa, mortar cohesion cm = 0.12 MPa, mortar friction angle
Um = 20 and mortar compressive strength fc = 1.0 MPa. Where
possible, mechanical properties of the constituent materials are
kept equal to those used within limit analysis, except for mortar
tensile strength, which is kept equal to cm/tanUm in the elasto-
plastic software (it was not possible a modiﬁcation of the code
inserting tension cutoff) and equal to 1.5cm within limit analysis.
This discrepancy was anavoidable to simulate realistic masonry
with a tensile strength close to literature data. For the FRP grid,
truss elements with elasto-plastic behavior are assumed, with
yield tensile strength equal to the strength adopted within limit
analysis. Young moduli and Poisson ratios for bricks and mortar
are respectively the following: Eb = 8000 MPa, Em = 1500 MPa,mb = 0.2 and mm = 0.15. The adopted FE mesh is represented in
Fig. 19c and it relies in 4290 plates, 5705 truss elements and
5320 nodes. Only 1/2 of the structure is meshed for symmetry with
the aim of speed up numerical simulations.
In Fig. 20 a comparison between load-maximum vertical dis-
placement (central top edge point) and ultimate strength provided
respectively by the commercial code and the proposed homoge-
nized limit analysis procedure are represented in presence and
absence of reinforcement.
Here it is worth noting that, as already pointed out, the elasto-
plastic software used allows only the utilization of a Mohr–Cou-
lomb failure criterion for mortar, where tension cutoff is not
present. As a consequence, mortar tensile strength is slightly over-
estimated. However, the greater ft used does not reverberate exces-
sively on the resultant failure load of the wall, being collapse
mostly related to shear (with some limited zones near the supports
where crushing occurs). This issue explains also why the resultant
maximum load of the elasto-plastic approach is slightly greater
than that provided by limit analysis.
For the sake of completeness, in Fig. 21, deformed shapes near
collapse provided by the two models in presence of the reinforce-
ment are compared. When dealing with the homogenization
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Fig. 19. Masonry deep beam. (a): Geometry and loading condition. (b): Limit
analysis discretization. (c): Non-linear FE code heterogeneous discretization.
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der to show the differences in the failure mechanisms induced by
the grid presence. As it is possible to notice, limit analysis results
are generally in good agreement with those provided by expensive
non-linear FE simulations. On the other hand, the change in the
failure mechanism due to the introduction of the grid is somewhat
clear. Indeed, FRP grid tends to preclude the formation of vertical
tensile cracks associated with the ﬂexural behavior of the panel,Fig. 21. Masonry deep beam. Deformed shapes at collapse. (a): Homogenization
model (top: unreinforced, bottom: reinforced). (b): Elasto-plastic heterogeneous
approach in presence of reinforcement grid.
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3.5 times greater of the unreinforced one. In the unreinforced case,
due to the typical very low resistance in tension of masonry, the
formation of a two-strut model that allows the ﬂow forces transfer
from the loaded edge to the supports is quite evident.
CPU times needed to perform a single limit analysis simulation
are around 35 s on a PC equipped with 4 GB Ram and an Intel Core
2 Duo @ 2 GHz + 2 GHz, whereas a non-linear simulation con-
ducted with the commercial code required more that 6 h and
34 min to be performed. From a comparison between computa-
tional efﬁciency and reliability of the results obtained, it can be
concluded that the model proposed may represent a valuable alter-
native tool to be used by practitioners interested in a fast evalua-
tion of the load carrying capacity of entire walls strengthened
with a continuous FRP grid.4.2. Out-of-plane loaded panels
In the second example, the model proposed is tested on walls
out-of-plane loaded, Fig. 22, comparing results provided by limit
analysis with experimental data collected in Papanicolaou et al.
(2008). In Papanicolaou et al. (2008), two masonry beam typolo-
gies (Series A and Series B) of dimensions 400  1300 mm2 simply
supported at the extremes were loaded with a central concentrated
force. Series A and B are geometrically identical, differing one each
other only for the disposition of the bricks (horizontal and vertical
bending). All specimens were constructed using six-hole horizon-
tally perforated clay bricks of dimensions 185  60  85 mm3
(length  height  thickness) and a general purpose masonry ce-
ment mortar with the perforations running in parallel to the units’
length. For all specimens, the ﬁrst row of bricks was laid on a
10 mm thick horizontal layer of mortar and all joints (bed and
head) were approximately 10 mm thick. For the specimens receiv-
ing externally bonded strengthening, a commercial textile with
equal quantity of high-strength carbon ﬁber rovings in two orthog-
onal directions was used. The grid was 4 mm wide and the clear
spacing between rovings was 6 mm (i.e. grid step is 10 mm). The
weight of carbon ﬁbres in the textile was 168 g/m2 and the nomi-
nal thickness of each layer (based on the equivalent smeared distri-
bution of ﬁbers) was 0.047 mm. Two different bonds were used to
connect the grid with the support: mortar and adhesive bond. Here
only adhesive bond is investigated for the sake of conciseness. For
the specimens receiving adhesive bonding a commercial structural
adhesive (two-part epoxy resin with a mixing ratio 4:1 by weight)
was used with a tensile strength of 30 MPa.
Both series were tested without reinforcement (control speci-
men) and with a symmetrical grid disposed on both sides andFig. 22. Masonry specimen out-of-plane loaded. Geometry and loading condition.bonded with a commercial polymer-modiﬁed cement mortar.
Unreinforced Series A collapsed before the test was performed
for self weight and therefore it is not reported in the results.
In order to ﬁt experimental data with the model proposed,
homogenized failure surfaces obtained in the previous section
are implemented in the same 3D limit analysis software used at
a cell level. Obviously, power dissipation at the interfaces is evalu-
ated making used of the homogenized strength domains deduced
with the procedure proposed previously.
Mechanical properties adopted for the constituent material are
assumed, where available, equal to those provided in Papanicolaou
et al. (2008). In particular, for bricks, a Mohr–Coulomb failure
criterion with compression cutoff is adopted (c=0.5 MPa,
U = 30, fc = 8.9 MPa). For mortar, a linearized Lourenço–Rots fail-
ure criterion is assumed (U1 = 30, ft = 0.2 MPa,c = 1.4ft, fc = 3 M-
Pa,U2 = 60) whereas for the FRP grid a limited tensile strength
conventionally equal to 200 MPa is chosen. Here, it is worth noting
that the evaluation of such conventional strength is a very difﬁcult
task and a detailed analysis of the phenomena at the base of the
adhesion of the grid to the support is outside the scopes of the
present paper. We therefore refer the reader to speciﬁc literature
in this ﬁeld.
In Fig. 23a, a comparison between experimental load–displace-
ment curves and limit analysis collapse loads predictions is
reported. Sufﬁcient agreement is found between limit analysis
and experimental data, considering also the several approxima-
tions at the base of the approach proposed.
As a matter of fact, limit analysis basic hypotheses are the per-
fect plastic behavior of the constituent materials and an inﬁnite
ductility. For brittle materials, as for instance mortar and bricks,
these assumptions are not fully realistic and, therefore, it is ex-
pected that, in presence of a response exhibiting considerable soft-
ening (as the case here analyzed), predictions provided by the
approach proposed represent only very crude preliminary approx-
imations of the load carrying capacity. While the presence of mate-
rials with degradation of the mechanical properties does not allow,
in principle, the utilization of limit analysis, the approach proposed
still remains meaningful for practitioners interested in a fast – even
preliminary – evaluation of the load carrying capacity of the struc-
ture, which still remains simple but provides additional informa-
tion to a standard elastic FE simulation.
In order to have an insight into the dependence of the collapse
loads with respect to input material properties, results of a sensi-
tivity analysis have been also reported in Fig. 23, where the failure
loads of walls A and B provided by limit analysis are plotted vary-
ing mortar tensile strength. As a matter of fact, when dealing with
unreinforced masonry in pure ﬂexion and without signiﬁcant pre-
compression, joint tensile strength is the key parameter to
estimate the actual ﬂexural strength of a wall. From sensitivity
analysis results, it can be argued that, as expected, in the unrein-
forced case the failure load increases almost linearly with ft,
whereas for the reinforced wall (both in horizontal and vertical
ﬂexion), ﬂexural strength is mostly related to the contribution of
the FRP. Furthermore, an increase of ft does not correspond to a lin-
ear increase of the failure load, being ﬂexural strength essentially
dependent on FRP delamination. This aspect suggests also that
the utilization of good mortars decreases the potential beneﬁcial
effect of a grid reinforcement, deﬁned as the ratio between the
reinforced and unreinforced wall resistance.
In Fig. 23c, the corresponding failure mechanism obtained
through limit analysis (reinforced case) is depicted. As it is possible
to notice, the agreement between experimental data and numeri-
cal predictions of collapse loads is quite satisfactory, especially
considering all the inaccuracies introduced by the simpliﬁed ap-
proach proposed. On the other hand, here it is worth underlining
that limit analysis deformed shape do not reproduce the sliding
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nal load exhibited during experimentation, in correspondence of
the formation of the central plastic hinge. Such a behavior can be
reproduced only if a detailed heterogeneous approach is adopted,
where each brick, joint and FRP row is modeled separately.5. Conclusions
A kinematic FE limit analysis model for the numerical homoge-
nization of masonry reinforced with FRP grids has been presented.
A single step procedure has been adopted, thanks to the continuityof the FRP grid, which preserves the original periodicity of unrein-
forced masonry. In order to obtain masonry macroscopic strength
domains, a compatible limit analysis approach is adopted, where
the representative element of volume is constituted by a central
brick interacting with its six neighbors through ﬁnite thickness
joints and where the FRP grid is applied at the extrados or at the
intrados + extrados. Each brick and each mortar joint have been
meshed through rigid inﬁnitely resistant six-noded wedge ele-
ments, whereas FRP grid has been discretized by means of rigid
inﬁnitely resistant truss elements. Consequently, plastic dissipa-
tion is allowed only at the interface between contiguous elements
(FRP–FRP truss elements, or wedge/wedge interfaces). For joints, a
G. Milani / International Journal of Solids and Structures 48 (2011) 326–345 345frictional failure criterion with limited tensile and compressive
strength has been adopted, whereas for bricks a classic Mohr–
Coulomb with compressive cutoff failure criterion has been pre-
ferred. For FRP–FRP interfaces, a limited conventional tensile
strength (along trusses direction) has been imposed, following
some recent Italian technical dispositions, in order to take into ac-
count, in an approximate but effective way, the delamination phe-
nomenon. After the imposition of a sub-class of a priori assumed
macroscopic motions on the REV, a simple linear programming
problem in few variables has been obtained for the numerical eval-
uation of masonry homogenized strength domain sections.
To validate the model at a structural level, macroscopic aniso-
tropic strength domains obtained through the homogenization
model proposed have been implemented in an upper bound FE
limit analysis code for the analysis at collapse of entire FRP rein-
forced masonry structures. Rigid inﬁnitely resistant wedge-shaped
3D elements have been used to model homogenized masonry at
structural level.
A masonry deep beam in-plane loaded and two series of
masonry beams in simple bending have been extensively analyzed
to test the capabilities of the procedure proposed. In the ﬁrst case,
where a comparison with a heterogeneous approach conducted
with a commercial software is still possible, good agreement has
been found between results provided by the model proposed and
those obtained with the commercial code, meaning that the proce-
dure proposed may represent a valuable tool for practitioners
interested in the mechanical characterization of masonry rein-
forced with continuous grids.
References
Anderheggen, E., Knöpfel, H., 1972. Finite element limit analysis using linear
programming. International Journal of Solids and Structures 8, 1413–1431.
CNR, 2004. Guide for the design and construction of externally bonded FRP systems
for strengthening existing structures. National Reasearch Council Italy.
Cecchi, A., Milani, G., Tralli, A., 2004. In-plane loaded CFRP reinforced masonry
walls: mechanical characteristics by homogenisation procedures. Composites
Science and Technology 64, 2097–2112.
Corradi, M., Borri, A., Vignoli, A., 2002. Strengthening techniques tested on masonry
structures struck by the Umbria–Marche earthquake of 1997–1998.
Construction and Building Materials 16, 229–239.
Eshani, M.R., 1997. Strengthening of earthquake damaged masonry structures with
composite materials. In: Proc.: Nonmetallic (FRP) Reinforcement for Concrete
Structures. Proceedings of the Second International RILEM Symposium FRPRCS-
2. pp. 681–687.
Ferris, M., Tin-Loi, F., 2001. Limit analysis of frictional block assemblies as a
mathematical program with complementarity constraints. International Journal
of Mechanical Sciences 43, 209–224.
Focacci, F., 2008. Rinforzo delle murature con materiali compositi [Masonry
strenghtening with composite materials]. Flaccovio, Palermo.
Grande, E., Milani, G., Sacco, E., 2008. Modelling and analysis of FRP-strengthened
masonry panels. Engineering Structures 30 (7), 1842–1860.Heyman, J., 1977. Equilibrium of Shell Structures. Oxford University Press, Oxford.
JSCE, 2001. Recommendations for upgrading of concrete structures with use of
continuous ﬁber sheets. Japan Society of Civil Engineers. Concrete Engineering
Series 41
Korany, Y., Drysdale, R., 2007. Load–displacement of masonry panels with
unbonded and intermittently bonded FRP. I: analytical model. Journal of
Composites for Construction 11 (1), 15–23.
Krabbenhoft, K., Lyamin, A.V., Sloan, S.W., 2007. Formulation and solution of some
plasticity problems as conic programs. International Journal of Solids and
Structures 44, 1533–1549.
Krabbenhoft, K., Lyamin, A.V., Hjiaj, M., Sloan, S.W., 2005. A new discontinuous
upper bound limit analysis formulation. International Journal for Numerical
Methods in Engineering 63, 1069–1088.
Lourenço, P.B., Rots, J., 1997. A multi-surface interface model for the analysis of
masonry structures. Journal of Engineering Mechanics ASCE 123 (7), 660–668.
Luciano, R., Sacco, E., 1998. Damage of masonry panels reinforced by FRP sheets.
International Journal of Solids and Structures 35 (15), 1723–1741.
Makrodimopoulos, A., Martin, C.M., 2006. Lower bound limit analysis of cohesive-
frictional materials using second-order cone programming. International
Journal for Numerical Methods in Engineering 66 (4), 604–634.
Marﬁa, S., Sacco, E., 2001. Modelling of reinforced masonry elements. International
Journal of Solids and Structures 38, 4177–4198.
Milani, E., Milani, G., Tralli, A., 2008. Limit analysis of masonry vaults by means of
curved shell ﬁnite elements and homogenization. International Journal of Solids
and Structures 45, 5258–5288.
Milani, G., 2009. Homogenized limit analysis of FRP-reinforced masonry walls out-
of-plane loaded. Computational Mechanics 43 (5), 617–639.
Milani, G., Milani, E., Tralli, A., 2010. Approximate limit analysis of full scale FRP-
reinforced masonry buildings through a 3D homogenized FE package.
Composite Structures 92, 918–935.
Milani, G., Milani, E., Tralli, A., 2009a. Upper Bound limit analysis model for FRP-
reinforced masonry curved structures. Part I: unreinforced masonry failure
surfaces. Computers & Structures 87 (23–24), 1516–1533.
Milani, G., Milani, E., Tralli, A., 2009b. Upper Bound limit analysis model for FRP-
reinforced masonry curved structures. Part II: structural analyses. Computers &
Structures 87 (23–24), 1534–1558.
Milani, G., Lourenço, P.B., Tralli, A., 2006. Homogenised limit analysis of masonry
walls Part I failure surfaces. Computers & Structures 84, 166–180.
Orduña, A., Lourenço, P.B., 2005. Three-dimensional limit analysis of rigid blocks
assemblages. Part I: torsion failure on frictional joints and limit analysis
formulation. International Journal of Solids and Structures 42 (18-19), 5140–
5160.
Papanicolaou, C.G., Triantaﬁllou, T.C., Karlos, K., Papathanasiou, M., 2007. Textile
reinforced mortar (TRM) versus FRP as strengthening material of URMwalls: in-
plane cyclic loading. Materials and Structures 40, 1081–1097.
Papanicolaou, C.G., Triantaﬁllou, T.C., Papathanasiou, M., Karlos, K., 2008. Textile
reinforced mortar (TRM) versus FRP as strengthening material of URM walls:
out-of-plane cyclic loading. Materials and Structures 41, 143–157.
Sinha, B.P., 1978. A simpliﬁed ultimate load analysis of laterally loaded model
orthotropic brickwork panels of low tensile strength. Journal of Structural
Engineering ASCE 56B (4), 81–84.
Sloan, S.W., Kleeman, P.W., 1995. Upper bound limit analysis using discontinuous
velocity ﬁelds. Computer Methods in Applied Mechanics and Engineering 127
(1–4), 293–314.
Suquet, P., 1983. Analyse limite et homogeneisation. Comptes Rendus de l’Academie
des Sciences - Series IIB – Mechanics 296, 1355–1358.
Triantaﬁllou, TC., 1998. Composites, masonry and wood: a new possibility for the
shear strengthening of concrete. Composites Science and Technology 58, 1285–
1295.
